Abstract-Motivated by the problem of reducing the peak-to-average power ratio (PAPR) of transmitted signals, we consider a design of complementary set matrices whose column sequences satisfy a correlation constraint. The design algorithm recursively builds a collection of 2 mutually orthogonal (MO) complementary set matrices starting from a companion pair of sequences. We relate correlation properties of column sequences to that of the companion pair and illustrate how to select an appropriate companion pair to ensure that a given column correlation constraint is satisfied. For t = 0, companion pair properties directly determine matrix column correlation properties. The proposed companion pair-based design can construct binary complementary sets with either a minimum out-of-phase autocorrelation magnitude or a minimum sum-of-out-of-phase autocorrelation magnitude for column sequences of length at least up to 28. For t 1, reducing correlation merits of the companion pair may lead to improved column correlation properties. Exhaustive search for companion pairs satisfying a column correlation constraint is infeasible for medium length and long sequences. We instead search for two shorter length sequences by minimizing a cost function in terms of their autocorrelation and cross-correlation merits. In addition, by exploiting the well-known Welch bound, sufficient conditions for the existence of companion pairs which satisfy a set of column correlation constraints are given.
I. INTRODUCTION
Complementary sequence sets have been introduced by Golay [1] , [2] , as a pair of binary sequences with the property that the sum of their aperiodic autocorrelation functions (ACF) is zero everywhere except at zero shift. Tseng and Liu [3] generalized these ideas to sets of binary sequences of size larger than two. Sivaswamy [4] and Frank [5] investigated the multiphase (polyphase) complementary sequence sets with constant amplitude sequence elements. Gavish and Lempel considered ternary complementary pairs over the alphabet f1; 0; 01g [6] .
The synthesis of multilevel complementary sequences is described in [7] . These generalizations of a binary alphabet lead to new construction methods for complementary sets having a larger family of lengths and cardinalities. However, all these studies focus either on the set complementarity or on the design of orthogonal families of complementary sets. Correlation properties of column sequences of the complementary set matrix (i.e., the matrix whose row sequences form a complementary set) have not been considered.
In [8] - [10] , a technique for a multicarrier direct-sequence code-division multiple-access (MC-DS-CDMA) system [11] , [12] that employs complementary sets as spreading sequences has been investigated. Each user assigns different sequences from a complementary set to his subcarriers. By assigning mutually orthogonal (MO) complementary sets to different users, both multiple-access interference and multipath interference can be significantly suppressed. Similar to conventional multicarrier systems, one of the major impediments to deManuscript received January 19, 2006 ; revised July 16, 2007 . This work was supported in part by the National Science Foundation under Grant ANI 0338805.
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Communicated by G. ploying such systems is high peak-to-average power ratio (PAPR). We have proved in [13] that the PAPR of the system is upper bounded by minimizing the maximum sum-of-out-of-phase aperiodic autocorrelation magnitude of column sequences can lower the system PAPR. This result is similar to the bound derived by Tellambura [14] for orthogonal frequency-division multiplexing (OFDM) signaling. He showed that sequences, whose elements are assigned across all signal carriers, with small aperiodic autocorrelation magnitudes can reduce the PAPR.
In this work, we propose a recursive construction method as an initial attempt to tackle a general problem of finding MO complementary sets satisfying a minimum column correlation constraint. Verified by the exhaustive computer search, the proposed construction can generate several different types of optimum complementary sets. Within this construction frame, we derive lower bounds on column correlation constraints of MO complementary sets and guarantee that they can be achieved. However, the general problem is still left as an open question, as well as the optimum lower or upper bounds.
By generalizing earlier work of Boyd [15] , Popović [16] has demonstrated that PAPR corresponding to any binary Golay sequence (i.e., a sequence having a Golay complementary pair) is at most two. This has motivated Davis and Jedwab to explicitly determine a large class of Golay sequences as a solution to the signal envelope problem [17] . Here, we also consider Golay column complementary sets.
We describe a construction algorithm for the design of 2 t+1 MO complementary set matrices of size 2 t m by 2 t+p+1 in Section III, where t and p can be any nonnegative integer, and m is an even number.
The construction process is based on a set of sequence/matrix operations, starting from a companion sequence pair which can be constructed based on the Quads introduced in [18] . These operations preserve the alphabet (up to the sign) of the companion pair. In Section IV, we derive lower bounds on column correlation constraints in terms of the corresponding correlation constraint of the companion pair. We illustrate how, by selecting an appropriate companion pair we can ensure that the constructed complementary set matrices achieve the lower bounds. For t = 0, companion pair properties directly determine matrix column correlation properties. For t 1, reducing correlation merits of the companion pair may lead to improved column correlation properties. However, further decrease of the maximum out-of-phase aperiodic autocorrelation of column sequences is not possible once the correlation of the companion pair is less than a threshold determined by t. We also present a method for constructing the companion pair which leads to the complementary set matrix with Golay column sequences. In Section V, we exhaustively search for optimum companion pairs leading to binary complementary sets with a minimum out-of-phase autocorrelation magnitude or a minimum sum-of-out-of-phase autocorrelation magnitude for column sequences of length at least up to 28, or leading to optimum complementary sets whose column sequences are ternary sequences with a single zero element of length at least up to 24. However, exhaustive search is infeasible for medium and long sequences. We instead suggest finding companion pairs with a small, if not minimum, column correlation constraint. In Section VI, by exploiting properties of the companion pair, we convert the problem into a search for two sequences of length m=2 with low autocorrelation and 0018-9448/$25.00 © 2008 IEEE TABLE I  CORRELATION MERITS cross-correlation merits, a long-standing problem in the literature (e.g., see [19] - [22] ). We further derive an improved cost function and show how it leads to reduced achievable maximum out-of-phase column correlation constraint. Sufficient conditions for the existence of companion pairs which satisfy various column correlation constraints are also derived. We conclude in Section VII.
II. DEFINITIONS AND PRELIMINARIES
Throughout this correspondence, sequences are denoted by boldface lowercase letters (e.g., x x x), their elements by corresponding lowercase letters with subscripts (x 0 ), boldface uppercase letters denote matrices (X X X), and calligraphic letters denote either sets of numbers or sets of sequences (X ).
A. Correlation Functions
Let a a a = (a 0 ; a 1 ; . . . ; a n01 ) denote a sequence of length n with a i 2 C, 0 i n 0 1, where C is the set of complex numbers. The aperiodic and periodic ACFs of a a a are [24] , that is, the maximum number of mutually orthogonal complementary sets is equal to the number of complementary sequences in a set. Hence, M M M m m;n is called a complete complementary code of order m [25] .
A complementary set can be represented using a complementary set matrix M k m;n is called an MO complementary set matrix satisfying a column correlation constraint A , and A is an achievable column correlation constraint. We also consider column sequences which are Golay sequences, i.e., Golay column sequences.
C. Companion Pair
Let a a a be a sequence of length m, where m is an even number. We define a sequence b b b as a companion of a a a if Table II , we list the following sequence operations: reversal, negation, complex conjugation, concatenation, interleaving, and inner product. Furthermore, we introduce two sequence reshaping functions f i (1) and f c (1) defined on sequences of even length.
Let 
2) Complementary Set Matrix Extension Operations:
We describe two operations for extending complementary set matrices, namely, length extension and size extension. Lemma 2.1 [24] , [26] (p) can be constructed recursively as either
We term (16) and (17) length-extension operations.
Lemma 2.3 [3] :
Proof: Refer to the proof of Theorem 12-13 in [3] .
We term (18) and (19) size-extension operations.
III. CONSTRUCTION OF COMPLEMENTARY SET MATRICES FROM A COMPANION PAIR

A. Recursive Construction
Let X(m) denote a sequence set which consists of sequences of length m with elements from the alphabet X . We summarize a recur- 
Step 2 In this correspondence , we will alternately use either "the constructed MO complementary set matrix" or, simply, M M M 2 2 m;2 n when referring to the above constructed MO complementary set matrix. 
B. Companion Pair Design and Properties
where c; d 2 C. Equation (24) is a complex generalization of binary Quads proposed in [18] . Note that binary Golay pairs of length n are formed by n=2 binary Quads nested in a special way (e.g., see Proposition 2.1 in [27] ). This "nested" condition is not required by companion pairs. Hence, binary Golay pairs are a special case of the companion pairs.
The companion pair has the following properties, Proof: Based on (22) and (23), Proof: Based on (22) and (23) is constructed using size extension (19) , the proof is analogous.
IV. PROPERTIES OF THE CONSTRUCTED COMPLEMENTARY SET MATRIX
In this section, column correlation properties of the constructed MO complementary set matrix are related to ACFs of the companion pair. We illustrate how to satisfy a column correlation constraint by selecting an appropriate companion pair. We also construct the companion pair which leads to complementary set matrices with Golay column sequences. Since the number of zeros in an energy-normalized sequence can affect its PAPR (see, e.g., [6] , [9] ), we also discuss the number of zeros in column sequences at the end of this section. (28) where "+" holds for j = i + r or j = i + 3r, "0" holds for j = i or j = i + 2r, when size extension (18) is used; "+" holds for j = 2i + 1, "0" holds for j = 2i, when size extension (19) is employed; u u u 
A. Column Correlation Properties
Proposition 4.3 (A Necessary Condition for
Proof: Equation (28) 
where h h h 
V. SEARCH FOR COMPANION PAIRS
A. Exhaustive Search Algorithm
Let X(n; ) denote a subset of all sequences of X(n) which satisfy the correlation constraint . can be computed recursively using (28) and, for binary sequences, we can simply check if x x x 1 y y y = 0 to determine the companion pair.
B. Minimum Achievable Column Correlation Constraint
The exhaustive search for the companion pair with a minimum achievable column correlation constraint has a heavy computing load, especially for large m and t. Let x; y y y 2 X(m)g (42) where (x x x; y y y) is a companion pair. Based on Propositions 4.1-4.3, the above companion pair may also lead to MO complementary set ma-
with a reduced column correlation constraint for t 1. Hence, in the following, we consider companion pairs leading to an achievable or a minimum achievable column correlation constraint min(m) = min(t = 0; m) for the case t = 0 only. In Table III , A and S A denote the minimum autocorrelation constraints for arbitrary binary sequences.
A min and S A min denote the minimum achievable column correlation constraints for binary companion pairs. N u , counted based on the commutative Property 3.1 and the negation Property 3.3, denotes the number of corresponding companion pairs. It can be observed that, for lengths up to 28, the companion pairs can achieve the minimum autocorrelation constraints of binary sequences. Hence, the proposed companion pair-based construction method can build optimum binary complementary sets (and their mates) with a minimum A or S A for column sequences of length at least up to 28. In Table IV , a similar conclusion can be drawn for ternary sequences with a single zero element of length at least up to 24. We also can observe that most of these optimum companion pairs can achieve When m is large, the exhaustive computer search is infeasible.
Hence, the existence of a companion pair satisfying a correlation constraint is an important problem considered in the next section.
VI. THE EXISTENCE OF COMPANION PAIRS
The existence of a sequence of a desired correlation constraint has been studied in the literature. For example, binary sequences with A = 1 exist only for lengths 2; 3; 4; 5; 7; 11; and 13, and are called binary Barker sequences; binary m-sequences [24] 
A. Correlation Properties of the Companion Pair Constructed Using Two Arbitrary Sequences
In the following Cases 1 and 2, we illustrate how a companion pair of length m can be formed using two arbitrary sequences s s s 0 and s s s 1 of length m=2. We study the correlation properties of the companion pair 
where i = 0; 1.
Proof: See Appendix C. 
Proof: The proof is along the lines of the proof of Lemma 6.1.
B. Existence
Without loss of generality, we assume that s s s i are complex-valued sequences of length m=2 and A s s s (0) = P s s s (0) = m=2, i = 0; 1. Proof: The proof can be found in [28] .
1) Column Correlation Constraint
A : The following Theorems 6.1-6.2 restate the companion pair existence conditions from 
Based on (47), a sufficient condition for (56) is 
Hence, by comparing (57) and (58) in (52) leads to (63).
C. Achievable Column Correlation Constraints
Theorems 6.1-6.2 suggest searching for sequences s s s 0 and s s s 1 of length m=2 with good autocorrelation and cross-correlation merits to form a companion pair with a small achievable column correlation constraint. The former is a long-standing problem (e.g., see [19] - [22] ).
In [21] , good binary sequence pairs with small were found by using a simulated annealing search algorithm, and were listed in Tables I and II Table V , where reference [21] indicates that data is obtained by using sequences from this reference. However, the cost function for the simulated annealing in [21] is not optimal in our case. 
to obtain an improved A B .
In Table VI , sequence pairs fs s s 0; s s s 1g of length m=2 = 63; 84; and 100 obtained using simulated annealing based on (64) are presented.
The corresponding ACF merit A u u u is calculated and compared to that of the sequence pairs from [21] . The proposed sequence pairs lead to companion pairs with an improved autocorrelation correlation merit. We have considered a construction algorithm for MO complementary set matrices satisfying a column correlation constraint. The algorithm recursively constructs the MO complementary set matrix, starting from a companion pair. We relate correlation properties of column sequences to that of the companion pair and illustrate how to select an appropriate companion pair to satisfy a given column correlation constraint. We also reveal a method to construct the Golay companion pair which leads to the complementary set matrix with Golay column sequences. An exhaustive computer search algorithm is described which helps in searching for companion pairs. Based on exhaustive search results, the companion pair based construction algorithm leads to optimum binary complementary sets (and their mates) with a minimum column correlation constraint A or S A for column sequences of length at least up to 28, or leads to optimum ternary complementary sets whose column sequences are ternary sequences with a single zero element of length at least up to 24. Exhaustive search is infeasible for relatively long sequences. Hence, we instead suggest a strategy for finding companion pairs with a small, if not minimum, column correlation constraint. Based on properties of the companion pair, the strategy suggests a search for any two shorter sequences by minimizing a cost function in terms of their autocorrelation and cross-correlation merits, from which the desired companion pair can be formed. An improved cost function is derived to further reduce the achievable column correlation constraint A . By exploiting the well-known Welch bound, sufficient conditions for the existence of companion pairs are also derived for column correlation constraints A and P . We have left the general problem of finding MO complementary set matrices with a minimum column correlation constraint as an open question. An important step towards solving the general problem is to find new construction approaches for MO complementary set matrices.
A design algorithm based on N -shift cross-orthogonal sequences can be found in [25] . However, their column correlation properties can be evaluated only on a case-by-case basis.
APPENDIX A PROOF OF PAPR BOUND
In the system described in [13] , the same information bit b with index r is spread over a set of m parallel channels, each corresponding to one of a set of orthogonal pulses and a sequence r r r i from complementary set matrix C C C as shown in (9) . Then, the transmitted signal is given by 
where the pulse train of the ith channel is pi(t) = n01 j=0 ci;j i (t 0 jTc):
T c is the chip duration, and T b = nT c is the bit period. The orthogonal pulse i (t) is assumed zero amplitude outside the chip interval [ 0; Tc). 
From (69) and (71), the PAPR of the multichannel DS-CDMA system can be upper-bounded as follows: 
for every l.
Refer to the proofs of Theorem 6 and Theorem 13 from [3] . If 
